Abstract. The ring of finite adèles A f of the rational numbers Q is obtained in this article as a completion of Q with respect to a certain non-Archimedean metric. This ultrametric allows to represent any finite adèle as a series generalizing m-adic analysis. The description made provides a new perspective for the adelic Fourier analysis on A f , which also permits to introduce new oscillatory integrals. By incorporating the infinite prime, the mentioned results are extended to the complete ring of adèles A of Q.
Introduction
Since the introduction of the p-adic fields Q p by K. Hensel, the development of p-adic theory has been a very fruitful subject of study. For each prime number p, Q p is a non-Archimedean completion of the rational numbers Q. Putting together all these completions with the Archimedean one, R, the ring of adèles A of Q is constituted. The ring of adèles contains complete information on the arithmetics of the rational numbers.
The fields Q p are non-Archimedean local fields which are complete with respect to an ultrametric whose unit ball centred at zero is the maximal compact and open subring Z p , the ring of p-adic integers. The adèle ring A is the direct product R × A f , where A f is the so called ring of finite adèles and it constitutes the totally disconnected part of A. The ring of finite adèles A f is classically defined as the restricted direct product of the fields Q p , over all prime numbers, with respect to the corresponding rings of integers. The additive structure of A f and A makes them locally compact Abelian topological groups whose harmonic analysis has played a fundamental role in algebraic number theory (see [30] , [22] , [23] [26] ). More recently, several studies of pseudodifferential equations, stochastic processes and others analytical tools on the ring of adèles A and other adic subrings of A have been done (see [6] , [7] , [8] , [20] , [18] , [10] , [32] , [38] , [39] ).
Both adèles rings A and A f , being traditional objects in number theory, have several equivalent descriptions which provide different models of them. For instance, A f can be seen as the smallest second countable locally compact topological ring which contains all p-adic completions of Q. From this perspective, the basic goal of this article is twofold: to present A f as a general adic ring allowing series representations and to develop the adelic Fourier analysis on A f generalizing m-adic analysis ( [34] , [2] , [19] , [9] ). In order to extend these results to the complete adèle ring A, the infinite prime is considered.
Adic series representations lead to describe A f as a second countable locally compact totally disconnected topological ring and to see it is an ultrametric space ( [14] ). Several other ultrametrics on A f and A have been considered in different works such as [7] , [29] , [22] and [39] . The ultrametric chosen here follows from a general framework on locally compact totally disconnected Abelian groups ( [1] , [27] ). This ultrametric allows to evaluate some oscillatory integrals as generalized Dirichlet series related to the second Chebyshev function (see Section 3) .
Series representations go back to the original construction by Hensel and their introduction is due to Prüfer, von Neumann, Novoselov, among others (see e.g., [14] and [9] ). The arithmetics of polyadic integer numbers have been studied carefully in several works ( [4] ). In particular, the adelic topology of integers was considered by Furstenberg ([11] ). However, the case of the finite adèle ring has not been considered before in complete detail. The case of the finite adèle ring is a limit case in the sense that any other adic ring is contained on this ring.
Let us summarize briefly the content of this article. To begin with the analysis, we introduce extended second Chebyshev and von Mangoldt functions ψ(n) and Λ(n) over Z. These functions provide a totally directed system of neighborhoods of zero {e ψ(n) Z} n∈Z for an additive invariant topology on Q whose completion is known to be the finite adèle ring (Compare with [12] ). With these ingredients, any non-zero finite adèle x can be written as an adic convergent series
with a γ = 0 and a k ∈ {0, 1, . . . , e Λ(k+1) − 1}, which allow us to state the general properties of A f as in the pioneering work by V. S. Vladimirov [33] . A fractional part function {·} A f : A f −→ Q is introduced in order to define a canonical additive character χ(x) = e 2πi{x} A f on A f . With this character at hand it is shown that A f is autodual in the sense of Pontryagin. Additionally, the chosen filtration provides a natural description of the Bruhat-Schwartz spaces of test functions D(A f ) as nuclear spaces and permits the study of the Fourier transform, the Fourier inversion formula and the Parseval-Steklov identity on D(A f ) and L 2 (A f ).
Considering the place at infinity R, a description of the ring of adèles A as a locally compact Abelian topological ring is given. The Bruhat-Schwartz space D(A) is an inductive limit of Fréchet spaces which is isomorphic to the algebraic and tensor product D(R) ⊗ D(A f ), where D(R) is the Schwartz space of R. The Fourier transform on A, given by F A = F R ⊗ F A f is an isomorphism on D(A). The Fourier inversion formula and the Parseval-Steklov identity are satisfied.
The space of square integrable functions L 2 (A) on A is a separable Hilbert space since it is the Hilbert tensor product space
and L 2 (R) and L 2 (A f ) are separable Hilbert spaces (see [25] ). From this decomposition, the following fundamental and classical result is obtained.
is an isometry and the Fourier inversion formula and the Parseval-Steklov identities hold on L 2 (A).
Finally, it is very important to say that given any completion of the rational numbers by a filtration similar to the one considered here conduces to an analogous harmonic analysis on A f , and therefore on A.
The manuscript is arranged as follows. In Section 2 the ring A f is introduced as a completion of the rational numbers Q. The additive group of characters of A f and the basic theory of functions and integration is done in Section 3. The Bruhat-Schwartz spaces and the theory of Fourier analysis are presented in Section 4. Finally, in Section 5 the theory is done on the complete ring of adèles.
2. The finite adèle ring A f as a completion of Q In this Section the finite adèle ring A f is depicted as a completion of the rational numbers Q. First, an arithmetical function related to the second Chebyshev function is introduced in order to describe a family of additive subgroups and an ultrametric on Q. The completion of the rational numbers with respect to this ultrametric is shown to be a second countable locally compact topological Abelian ring isomorphic to the finite adèle ring. For a comprehensive introduction to the theory of the ring of adèles we quote the books [36] , [24] , [21] and the classical treatises [12] and [30] .
2.1. An extended second Chebyshev function. Denote by N = {1, 2, . . .} the set of natural numbers and let P ⊂ N be the set of prime numbers. Recall the following classical arithmetical functions (see [3] ). Let ψ(n) denote the second Chebyshev function defined by the relation
where lcm(a, b) denotes the least common multiple of a and b. Write Λ(n) for the von Mangoldt function given by
These arithmetical functions are related by the equivalent equations
For any integer number n, define the second symmetric Chebyshev function by
and the symmetric von Mangoldt function by (extending) the relation
Notice that if e ψ(n) < e ψ(n+1) then e ψ(n+1) /e ψ(n) is a prime number given by e Λ(n+1) ; otherwise, e ψ(n) = e ψ(n+1) and e Λ(n+1) = 1. The values where the first case occurs form the set
For the purposes of the article the following change of parameter on these values is useful:
Remark 2.1. Let ρ : Z −→ C be the unique increasing bijective function such that e ψ(ρ(n)) is a strictly increasing function with e ψ(ρ(0)) = 1.
In order to simplify notation we will write e ψ(n) and e Λ(n) instead of e ψ(ρ(n)) and e Λ(ρ(n)) , respectively.
With this notation, e ψ(n+1) /e ψ(n) is a positive prime number e Λ(n+1) . Moreover, for any integers n > m, the functions ψ(n) and Λ(n) satisfy the relations
Remark 2.2. From the definition of the extended second Chebyshev function, it follows that the sequences (e ψ(n) ) ∞ n=0 and (1/e ψ(−n) ) ∞ n=0 coincides, are totally ordered by division and cofinal with N, i.e. given any natural number N, there exists l ∈ N such that N divides e ψ(l) .
The following observation is of great importance to the construction given on the next section.
Remark 2.3. Using a similar procedure as the one used to write any rational number with respect to a given integer base, any positive rational number q admits a unique representation as a finite sum
with a γ = 0 and a k ∈ {0, 1, . . . , e Λ(k+1) − 1}.
2.2.
The ring of finite adelic numbers. To each integer number n, there corresponds an additive subgroup e ψ(n) Z of the rational numbers Q. If n is nonnegative, e ψ(n) Z is an ideal of Z, otherwise if n is negative, e ψ(n) Z is a fractional ideal of Q. The family of all such subgroups is totally ordered by inclusion. In fact, the filtration
The collection {e ψ(n) Z} n∈Z is a countable neighborhood base of zero for a second countable additive invariant topology on Q. In fact, since Q is countable, the topology on Q is generated by a numerable collection of open sets. This topology is called here the finite adelic topology of Q. Since the intersection of the neighborhood base at zero consists only of the point zero, the finite adelic topology on Q is Hausdorff. From Remark 2.2, it follows that the induced topology on Z coincides with the Furstenberg topology and any nonempty open set is given by the union of arithmetic progressions (see [11] ). Furthermore, Remark 2.2 implies that the finite adelic topology of Q is the topology generated by all additive subgroups of Q (see [12] ). Hence, a nonempty subset U ⊂ Q is open if it is a union of rational arithmetics progressions in Q, i.e. U is a union of sets of the form lZ + q, where l and q are fixed rational numbers. This implies that a set U is open if and only if given any q ∈ Q there exists a nonzero rational number l such that lZ + q ⊂ U. Notice that arithmetic progressions are both open and closed because
A sequence (a n ) n∈N of rational numbers is a Cauchy sequence in the finite adelic topology if for all k ∈ Z there exists N > 0 such that, if n, m > N, then a n − a m ∈ e ψ(k) Z, i.e. if e ψ(k) divides a n − a m in the sense that there exists an integer number c such that ce ψ(k) = a n − a m . For instance, constant sequences with all their elements equal to a fixed rational number, are Cauchy sequences.
In particular, when the fixed constant is zero, it is called the zero sequence. A less trivial example of a Cauchy sequence is a sequence given by the partial sums
of any formal infinite series of the form
with a k ∈ 0, 1, . . . , e Λ(k+1) − 1 and a γ = 0. In fact, if n ≥ m,
Let C(Q) be the set of all Cauchy sequences. With the sum and multiplication by components, C(Q) is a commutative ring with unitary element the constant sequence (1) n∈N . Two Cauchy sequences (a n ) n∈N and (b n ) n∈N of rational numbers are said to be equivalent if (a n − b n ) n∈N converges to the zero sequence, i.e. for all l ∈ Z a n − b n ∈ e ψ(l) Z, for n sufficiently large. A Cauchy sequence is trivial if it converges to zero. The set of all trivial Cauchy sequences C 0 (Q) is an ideal of the commutative ring C(Q). The completion Q of Q is the quotient ring C(Q)/C 0 (Q) with the topology given by the concept of Cauchy convergence. It follows that Q is a complete topological space where the natural inclusion of Q, with the finite adelic topology in Q, is dense.
2.2.1. Adic series. Let (a n ) n∈N be a Cauchy sequence of rational numbers. If (a n ) n∈N is not equivalent to zero in Q, there exists a maximum element γ ∈ Z such that there is a subsequence (b n ) n∈N with b n / ∈ e ψ(γ) Z. Since (b n ) n∈N is a Cauchy sequence, there is another subsequence (c n ) n∈N such that c n / ∈ e ψ(γ) Z and (c n − c n−1 ) ∈ e ψ(γ) Z. Therefore, there exists a unique integer l γ−1 ∈ {1, . . . , e Λ(γ) − 1}
such that c n − l γ−1 e ψ(γ−1) ∈ e ψ(γ) Z for all n. Once more, since c n − l γ e ψ(γ−1) is a Cauchy sequence, there exists a subsequence d n of c n such that
Hence, there exists a unique integer l γ such that l γ ∈ {0, 1, . . . , e Λ(γ+1) − 1} and
for all n. Inductively, the partial sums
form a sequence representing (a n ) n∈N in Q. Therefore, every nonzero element x ∈ Q has a representative, also denoted by x, which can be uniquely written as a convergent series
Remark 2.4. Due to series representations, the ring Q is called here the ring of finite adelic numbers.
Arithmetical operations.
From the definitions of addition and product of Cauchy sequences the following holds. Let x, y ∈ Q be two finite adèles with series representation
and let S k (x) and S k (y) be the partial sums
and
The coefficients {c k } ∞ k=λ of the series representation of the sum
are given as follows: since e ψ(γ) e Λ(γ+1) = e ψ(γ+1) , there exists a unique c γ ∈ {0, 1, . . . , e
mod e ψ(γ+1) .
Inductively, there exists
In addition, the coefficients {c k } ∞ k=λ of the series representation of the product
can be found inductively by considering
The sum of any two finite adèles can be done by the procedure of 'carrying' if necessary in the series representation, similar to classical decimal expansions. The multiplication however uses a similar procedure but with a bit more subtle algorithm (see [7] ). Proposition 2.5. Let x, y ∈ Q be two finite adèles with series representation
are given by
where c k ∈ {0, 1, . . . , e Λ(k+1) − 1}, r γ−1 = 0 and, (for k = γ, . . .), r k is one or zero depending on
Proof. Consider the truncated series representation of x and y:
Therefore S N (x) + S N (y) converges to z = x + y when N → ∞ and
Remark 2.6. The difference of any two finite adèles is computed by the procedure of 'taken' if necessary.
Example 2.7.
3. An adelic ultrametric. From Proposition 2.5 the function ord : Q −→ Z ∪ {∞} given by
defines an order on Q, in the sense that it satisfies properties:
(1) ord(x) ∈ Z ∪ {∞}, and ord(x) = ∞ if and only if x = 0, (2) ord(x + y) ≥ min{ord(x), ord(y)}, for any x, y ∈ Q.
This allows to introduce a non-Archimedean metric on Q given by
In fact, the second property of the function ord(·) above implies
for any x, y, z ∈ Q. The ultrametric d Q takes values in the set {e ψ(n) } n∈Z ∪ {0} and the balls centred at zero are the completions of the original filtration
Definition 2.8. The collection of finite adelic integers Z is the unit ball of Q:
.
From the definition of addition and multiplication, it follows that the finite adelic integers Z is a compact and open subring of Q. It is also maximal, because x 2 A f > x A f for any x ∈ Q which is not in Z. In addition, Z contains the set of integer numbers as a dense subset.
Remark 2.9. From the construction of Q and the fact that e ψ(n) Z is an ideal of Z, it follows that Z is the profinite ring completion of the integers Z. Moreover, for any other case, e ψ(n) Z is the profinite group completion of the additive subgroup e ψ(n) Z (see [37] ).
From a geometrical point of view, the non-Archimedean property shows that any point of a ball is a center and that two balls are disjoint or one is contained in the other. This property can be described algebraically as follows. For each n ∈ Z, define a n = e −ψ(n) Z. 1 The collection {a n } n∈Z is a neighborhood base of zero for the finite adelic topology on Q. Each subgroup a n provides a disjoint partition Q = x∈Q/a n (x + a n )
where the union is taken over a complete (countable) set of representatives of the quotient Q/a n .
For each n ∈ Z and x ∈ Q, let B n (x) be the ball with center at x and radius e ψ(n) . From the non-Archimedean property, each element of a ball is its center and any ball is compact and open. The balls B n (x) coincides with the sets x + a n and the decomposition above can be written as
where the union is taken over a complete set of representatives of the quotient Q/a n .
A complete set of representatives of the quotient a n /a n−1 determines the partition a n = x∈a n /a n−1 (x + a n−1 ) which induces a corresponding partition Q = y∈Q/a n , x∈a n /a n−1 (y + x + a n−1 ).
Remark 2.10. An equivalent way to describe Q is the following: the function
is an order over Q in the sense that it satisfies properties 2.2.3 and the function
for p, q ∈ Q, is an ultrametric on Q. By construction, the ultrametric d Q is the restriction of d Q to Q and therefore the metric completion of Q with respect to d Q is naturally isometric to Q.
As a nice consequence of writing any element of Q as a convergent series, it is shown the following result characterising the compact subsets of Q.
Proposition 2.11. The topological ring Q satisfies the Heine-Borel property, i.e. a subset K ⊂ Q is compact if and only if it is closed and bounded. Therefore Q is a locally compact topological ring.
Proof. Since Q is an ultrametric space, it is sufficient to prove that any closed and bounded set K ⊂ Q is sequentially compact. Let (x k ) k≥1 be a bounded sequence in Q and write
Since (x k ) k≥1 is bounded, the set {γ(x k )} is bounded from below, say by γ 0 . If the set {γ(x k )} is unbounded from above, then (x k ) k≥1 has a subsequence that converges to zero. If the set {γ(x k )} is bounded from above, it only takes a finite number of values. Therefore, for some γ 0 ∈ Z, there exists a subsequence of (x k ) k≥1 with elements of the form
Moreover, since a 0 can take only a finite number of values, there exist a definite
and a subsequence of the form
Since any other a k can take only a finite number of values, inductively, it is found a subsequence which converges to a nonzero limit point
Remark 2.12. For any nonzero rational numbers p and q, pZ · qZ = pqZ. Therefore, for any nonzero rational number l the preimage of lZ under the multiplication Q × Q −→ Q is the union of all pZ × qZ ⊂ Q 2 such that pq = l. Since this union is an open set, any completion of the rational numbers by a filtration as above produces a topological ring.
Remark 2.13. Since Q is a topological ring, for any nonzero rational number q, the set q Z is a compact and open subgroup of Q. It can be seen that any compact and open subgroup of Q is of the form q Z for some nonzero rational number q.
2.2.4.
A Haar measure on finite adelic numbers. Consider the additive function dx on balls given by
for any x ∈ Q and n ∈ Z. The set of all balls of positive radius and the empty set forms a semiring and the additive function dx is a σ-finite premeasure. By Carathéodory's extension theorem, there exists a unique Borel measure on Q, also denoted by dx, which extends this formula. Since balls are compact and open, it follows that dx is a Radon measure on Q. Moreover, by construction dx is additive invariant and hence it is a Haar measure on Q. By definition, this measure assigns total mass one to Z. Moreover, the following statement holds.
Proposition 2.14. For any rational number q, the Haar measure of q Z is equal to q −1 .
Proof. It is only necessary to compute the index for the subgroups l Z for any natural integer l. First, lZ ∩ e ψ(n) Z = mcd(l, e ψ(n) )Z = lZ for n sufficiently large. The completion of lZ is l Z and
2.2.5. Non-Archimedean topology of the ring of finite adèles numbers. In summary, Q is a second countable, locally compact, totally disconnected, commutative, topological ring. The following properties holds (see picture 2.2.5):
(1) The inclusion Q ֒→ Q is dense and Q is a separable topological space.
(2) Q has a non-Archimedean metric d Q such that (Q, d Q ) is a complete ultrametric space and therefore it is a totally disconnected topological space.
The ultrametric d Q is the unique additive invariant ultrametric on Q whose balls centered at zero is precisely the collection {a n } n∈Z , and such that the Haar measure of any ball is equal to its radius. In particular, Z has diameter one. (5) For any integer n, if x ∈ B n (y), B n (x) = B n (y). (6) The set of all balls of any positive fixed radius form a numerable partition of Q. (7) The set of all balls of positive radius are numerable. Therefore, the topology of Q is generated by a numerable base and the Borel σ-algebra of Q is separable. Figure 1 . The ring of finite adéles 2.3. Finite adelic numbers are isomorphic to the finite adèles ring. In this paragraph the topological ring Q is shown to be naturally isomorphic to the finite adèle ring of Q. For a complete description of this isomorphism see [7] .
2.3.1. The ring of finite adèles. For each prime p ∈ P denote by Z p and Q p the ring of p-adic integers and the field of p-adic numbers, respectively. The finite adèle ring A f of the rational numbers Q is classically defined as the restricted direct product of the fields Q p with respect to the maximal compact and open subrings Z p . That is
with a topology given by the restricted direct product topology. The restricted direct product topology is the unique additive invariant topology generated by the neighborhood base of zero
The diagonal inclusion of Q into A f is dense, so Q has a unique topology whose completion Q is isomorphic as a topological ring to A f as stated in the next result: Proposition 2.15. There exists an isomorphism of topological rings
which preserves the inclusion of Q in both rings.
Proof. From Remark 2.9 the ring of finite adelic integers Z is the profinite completion of Z. By the Chinese Remainder Theorem, there exists an isomorphism of topological rings between Z and p∈P Z p , which preserves the natural inclusion of the integers on both rings. Furthermore, by the group version of the Chinese Remainder Theorem, for each any integer number n, there exists a topological group isomorphism between e ψ(n) Z and e ψ(n) p∈P Z p , which preserves the natural inclusion of the group e ψ(n) Z = e ψ(n) p∈P Z p ∩ Q. These isomorphisms are compatible, due to their natural inclusion of the groups e ψ(n) Z, and extends to an isomorphism from Q to A f , which preserves the natural inclusion of Q in both rings.
Remark 2.16. From Proposition 2.15 it follows that the series representation of a finite adèle x is valid in A f . That is to say, the partial sums
are convergent in A f with the restricted direct product topology. Using the ultrametric d A f , every finite adèle x ∈ A f can be written as a series
with x l ∈ {0, 1, . . . , e Λ(l+1) − 1}. This series is convergent in the ultrametric of A f and the numbers x l appearing in the representation of x are unique and ord(x) = γ ∈ Z.
Remark 2.17. In the sequel we identify Q with A f and set
Characters and integration theory on A f
This Section introduces the group of additive characters of the locally compact Abelian group (A f , +). The fractional part of an adic series allows to explicitly describe a canonical character of A f and to show that the group of finite adèles is a selfdual group in the sense of Pontryagin. In addition, basic elements of integration theory on A f and some oscillatory integrals are discussed. The general theory of harmonic analysis on locally compact Abelian topological groups has been collected in the monumental work [14] . The article [33] and the book [34] describe this theory for the case of the field of p-adic numbers Q p . We also quote references [2] and [19] . 
The group of additive characters of
where a γ(x) = 0 and a k ∈ {0, 1, . . . , e Λ(k+1) − 1}. If γ(x) < 0, x can be decomposed as
This leads to the following:
From this definition it is clear that x ∈ Z if and only if {x} = 0. Additionally, for any x ∈ A f with γ(x) < 0, its fractional part satisfies the inequalities:
From Proposition 2.5, the fractional part function satisfies the relation
where N = 0, 1. Therefore the map x −→ exp(2πi{x}) is a well defined group homomorphism from A f to the unit circle. Moreover, it is trivial on Z, which implies that it is a continuous function and a character of A f . This observation allows to state the following definition. 
is the canonical additive character of A f .
where ℓ = a γ + a γ+1 e ψ(γ+1)−ψ(γ) + · · · + a −1 e ψ(−1)−ψ(γ) is an integer number smaller than e −ψ(γ) . That is, the image of any element x ∈ A f under the canonical character is a nontrivial N-th root of unity for some N ∈ N, whenever x / ∈ Z. This implies that the kernel of the canonical character is precisely Z. Since A f / Z is a discrete group, the image of A f under the canonical character is isomorphic to the group of roots of unity Q/Z with the discrete topology. This can be subsumed as:
The kernel of the canonical character χ is the compact and open subgroup Z of A f and χ is constant on the cosets of Z. Moreover, χ can be factorized as a composition
where Q/Z is the group of roots of unity with the discrete topology.
Remark 3.4. The canonical additive character does not depend on the construction given here and it agrees with the classical canonical additive character of A f . In fact, the fractional part of any x ∈ A f is the unique rational number {x} ∈ Q ∩ [0, 1) such that x − {x} ∈ Z and there is a decomposition A f = Q ∩ [0, 1) + Z.
3.1.2.
A f is selfdual. Since multiplication is continuous on the ring A f , for any ξ ∈ A f , the function
is an additive character of A f . For any sequence of adèles (ξ n ) n∈N converging to ξ ∈ A f , the sequence of characters (χ ξn ) n∈N converges uniformly on every compact subset of A f . It follows that Char(A f ) contains A f as a closed subgroup. Observe now that if χ ∈ Char(A f ) is any nontrivial additive character, then there exists an integer n such that χ is trivial on a n , but it is nontrivial on a n+1 . This can be seen in the following way:
suppose that V ⊂ S 1 is an open neighborhood of the identity 1 ∈ S 1 such that no nontrivial subgroup of S 1 is contained in V . By continuity of χ, the preimage χ −1 (V ) is an open neighborhood of 0 in A f , and therefore there exists n ∈ Z such that a n ⊂ χ −1 (V ). Being χ a homomorphism, this implies that χ(a n ) ⊂ V is a subgroup of S 1 , and hence, it must be trivial. Since χ is nontrivial, there exists a minimum integer n ∈ Z such that χ is trivial on a n , but it is nontrivial on a n+1 . This number n is called the rank of the character χ.
Theorem 3.5. The finite adèle group A f is selfdual. That is to say, there exists an isomorphism of locally compact Abelian topological groups from A f to Char(A f ) given by ξ −→ χ ξ .
Proof. We have already seen that χ ξ is an additive character for any ξ ∈ A f and that A f is closed in Char(A f ). Suppose that χ is an arbitrary additive nontrivial character of A f . If n is the rank of the character χ, then χ induces a nontrivial character on the quotient group a n+1 /a n . Since χ e ψ(n) = χ(e ψ(n) ·) is trivial on a n but nontrivial on a n+1 , the induced character of χ in a n+1 /a n provides a number ξ n ∈ {1, . . . , e Λ(n+1) − 1} in a way that the finite adèle ξ n e ψ(n) represents a nonzero
on a n+1 , where χ is the canonical character. Inductively, for any m ≥ n, it is found a finite sum
is a finite adèle such thatχ(x) = χ(ξx). Finally, the pairing
Definition 3.6. For any q ∈ Q the annihilator of the subgroup q Z ⊂ A f , in Char(A f ), is defined as the subgroup Ann(q Z) = χ ∈ Char(A f ) : χ(x) = 1 for all x ∈ q Z . Proposition 3.7. For any q ∈ Q, the annihilator of q Z is the subgroup q −1 Z.
Proof. For any nonzero rational number q, if ξ ∈ q Z then ξq −1 Z ⊂ Z and therefore q −1 Z ⊂ Ann(q Z).
It follows that χ(qξ) = 1.
Corollary 3.8. The annihilator of a n is the subgroup a −n . In particular, Ann( Z) = Z.
Corollary 3.9. There exists an isomorphism of topological groups
Char(a
3.2.
Integration theory on A f and some oscillatory integrals. In this paragraph some aspects of the integration theory on the measure space (A f , dx) is presented. From the ultrametric d A f , a concept of improper integral arises and this gives sense to some oscillatory integrals on A f .
3.2.1. Change of variables formula. From Proposition 2.14, if q is a nonzero rational number, the following change of variables holds:
where K ⊂ A f is a compact subset.
As first examples the area of balls and spheres multiplied by a rational number are calculated in the sequel. For each n ∈ Z, the ball B n centered at zero and radius e ψ(n) is precisely the subgroup a n .
Example 3.11.
Example 3.12. From the above examples, for a radial function one obtains
{∞} is a non increasing continuous function, then
Proof. This follows from the classical integral criterion by observing that the area of balls equals to its radius:
Improper vs proper integrals. If f is an integrable function on
However, when considering some oscillatory integrals related to the ultrametric d A f of A f which are not necessarily integrable functions, the definition involves the conditional limit
Example 3.14. For σ = Re(s) > 0,
Example 3.15.
3.2.3. Oscillatory integrals. Let χ be the canonical character of A f described in Section 3.1.1.
In fact, if x A f ≤ e −ψ(n) , then χ(−ξx) is the trivial character on a n . On the other hand, if x A f > e −ψ(n) , χ(−ξx) is nontrivial on a n and there exists an element b ∈ a n such that χ(−ξb) = 1. Now, from the invariance of the Haar measure, one obtains
Hence a n χ(−ξx)dx = 0 and the formula of the proposition holds. This example implies: Example 3.17. For any n ∈ Z, the following holds 
Example 3.21. From this example the following adelic analogue of the p-adic Γ-function arises
Example 3.22. If ξ = 0 and γ = ord(ξ), we have
Example 3.23. If ξ = 0 and γ = ord(ξ), then
Remark 3.24. The analogous integrals of all these examples in the classical p-adic case can be explicitly evaluated using the formula for a geometric series. Despite the fact that these integrals are not so easy to evaluate, the integral criterion implies that they are convergent.
Remark 3.25. Further analytic properties of general Dirichlet series in Example 3.14, Example 3.20 and Example 3.21 beyond their given semiplane of convergence, are unknown to the authors (see [14] ).
Fourier analysis on A f
The aim of this Section is to develop some basic ingredients of the Fourier transform on the space of test functions on A f . The description of this theory in the p-adic case appears well documented in [34] and [2] . The Bruhat-Schwartz space of a locally compact commutative group has been introduced in [5] . The general theory of topological vector spaces can be found in [28] Being A f a second countable totally disconnected locally compact topological group, the weakest topology on the vector space D(A f ) is a natural locally convex topology for which it is complete (see Remark ?? below). Let us describe this topology in terms of the ultrametric of
This number ℓ is called the parameter of constancy of ϕ. Given two integers ℓ ≤ k, the collection of locally constant functions with support inside the compact ball a k and parameter of constancy ℓ will be denoted by D ℓ k (A f ). Let 1 ℓ (x) be the characteristic (or indicator) function on the ball a ℓ :
Therefore it has a unique topology which makes it a topological vector space over C.
Proof. From the non-Archimedean property of A f it follows that any ϕ ∈ D ℓ k (A f ) can be written as
where a u is a complete set of representatives of the classes of the quotient a k /a ℓ . Since a k /a ℓ = e ψ(k) /e ψ(ℓ) , it follows that D ℓ k (A f ) has finite dimension equal to e ψ(k) /e ψ(ℓ) .
Let us notice that the following continuous inclusions are valid
A partial order on the countable set of all pair of integers (k, ℓ), with ℓ ≤ k, is given by the folowinng relation:
by the inductive limit
which can also be written as the inductive limits
Hence, a sequence of functions (ϕ j ) j≥1 converges to ϕ if there exist ℓ, k ∈ Z such that ϕ j ∈ D ℓ k (A f ) for j large enough and 
Since K is compact, K is the union of a disjoint set of balls {B The function
is an element of D(K). Therefore,
Finally, since the topology of A f is generated by a numerable set of balls, the spaces L ρ (A f ) and they are separable, for 1 ≤ ρ < ∞.
4.2.
The Fourier transform. The Fourier transform of ϕ ∈ D(A f ) is given by
In the examples of oscillatory integrals, we have already computed the Fourier transform of some functions. In particular, the following property holds: Lemma 4.6. The Fourier transform of the characteristic function of the unit ball Z coincides with itself. Moreover for any integer ℓ,
where a u is a complete set of representatives of a k /a ℓ . It is enough to take only characteristic functions
Hence, F (1 ℓ (x − a u )) has support in a −ℓ . Moreover, since a u ∈ a k , the character χ(ξa u ) is locally constant on balls of radius e ψ(−k) , i.e. it has rank at least −k. Therefore
Theorem 4.8. The Fourier transform is a continuous linear isomorphism from the space D(A f ) onto itself and the inversion formula holds:
Additionally, the Parseval-Steklov equality reads as
Proof. It has been already shown that F is a linear transformation from D(A f ) into itself. We show that the inversion formula holds. From Proposition 4.
This shows that the Fourier transform F :
is a continuous linear isomorphism, and therefore F is a continuous linear isomorphism from D(A f ) onto itself. From Fourier inversion formula and Fubini's theorem, the Parseval-Steklov identity follows.
Recall that the Banach spaces L ρ (A f ) are separable for 1 ≤ ρ < ∞. The Fourier transform of any integrable function can be defined by means of the same formula and the classical treatment of the Fourier theory on this space can be done as usual. In particular, L 2 (A f ) is a separable Hilbert space and the next statement holds: for f ∈ L 2 (A f ), define
where the limit is in L 2 (A f ). Fourier inversion formula and the Parseval-Steklov identity holds.
Fourier Analysis on A
This Section extends the so far discussed results on Fourier analysis to the complete ring of adéles A. First, we recollect several results on the harmonic analysis of the Archimedean completion R of Q.
5.1. The Archimedean place. Recall that the real numbers R is the unique Archimedean completion of the rational numbers. As a locally compact Abelian group, R is autodual with pairing function given by χ ∞ (ξ ∞ x ∞ ), where χ ∞ (x ∞ ) = e −2πix∞ is the canonical character on R. In addition, it is a commutative Lie group. The Schwartz space of R, which we denote here by D(R), consists of functions ϕ ∞ : R −→ C which are infinitely differentiable and rapidly decreasing. D(R) has a countable family of seminorms which makes it a nuclear Fréchet space. Let dx ∞ denotes the usal Haar measure on R. The Fourier transform
is an isomorphism from D(R) onto itself. Moreover, the Fourier inversion formula and the ParsevalSteklov identities hold on D(R). Furthermore, L 2 (R) is a separable Hilbert space, the Fourier transform is and isometry on L 2 (R), and the Fourier inversion formula and the Parseval-Steklov identity holds on L 2 (R).
With the product topology, A is a locally compact Abelian topological ring which admits a discrete inclusion of Q. Since A f is totally disconnected, (R, 0) ⊂ A is the connected component of zero in A. A Haar measure on A can be defined as the product measure dx = dx ∞ dx f , where dx f denotes the Haar measure on A f .
5.2.
The group of Characters of A. Ifχ ∞ andχ f are any characters on R and A f , respectively, define a characterχ on A byχ
In particular, if χ ∞ and χ f are the canonical characters on R and A f , respectively, the expression
with x = (x ∞ , x f ) ∈ A, defines a canonical character on A. Let Char(A) be the Pontryagin dual group of A. From the last identification it follows that R × A f ⊂ Char(A). Moreover, since the additive structure A = R × A f is performed componentwise, it follows that
and therefore, A is a selfdual group in the sense of Pontryagin. Moreover, for any prescribed adèle ξ = (ξ ∞ , ξ f ), a character χ ξ of A is given by:
= exp 2πi(−ξ ∞ x ∞ + {ξ f x f } A f ) .
5.3.
Bruhat-Schwartz space on A. Recall that the Bruhat-Schwartz space of the locally compact Abelian group A is given as follows (see [5] ). This allows to describe the topology of D(A) using the filtration {a n } n∈Z . First, for any ϕ ∞ ∈ D(R)
and ϕ f ∈ D(A f ), define a function ϕ on A by
for any adèle x = (x ∞ , x f ). These kind of functions are continuous on A and the linear vector space generated by these functions is linearly isomorphic to the algebraic tensor product D(R) ⊗ D(A f ).
In the following, we identify these spaces and write ϕ = ϕ ∞ ⊗ ϕ f . 
So the Fourier transform on D(A) is described as
for any ξ ∈ A. It is well defined on D(A) for any function of the form ϕ = ϕ ∞ ⊗ ϕ f and it is given by
for any ξ = (ξ ∞ , ξ f ). Succinctly, it can be written as F A = F R ⊗ F A f . From Theorem 4.8 and the analogous result on the Archimedean place, the following holds. The space of square integrable functions L 2 (A) on A is a separable Hilbert space since it is the Hilbert tensor product space
and L 2 (R) and L 2 (A f ) are separable Hilbert spaces (see [25] ). From this decomposition, the following fundamental and classical result is obtained. 
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